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Abstract 
The performance evaluation method is a very important part in the field of vibration energy harvesting. 
It provides the ability to compare and rate different VEHs (Vibration Energy Harvesters). Considering 
the lack of a well-recognized tool, this article proposed a new systematic figure of merit for the 
appraisement of wideband VEHs. Extensive investigations are first performed for some classic figures 
for linear VEHs. With the common fundamental information obtained, the proposed figure integrates 
four essential factors: the revised energy harvester effectiveness, the mechanical quality factor, the 
normalized bandwidth and the effective mass density. Special considerations are devoted to the 
properties of wideband VEHs about the operation range and the average power in this domain which 
are related to the performance target of stable power output. Afterward, this new figure is applied to 
some literature VEHs and demonstrated to present good evaluations of wideband VEHs. Moreover, it 
exhibits the ability to point out the improvement information of the concerned VEHs further 
developments. 

1. Introduction 
The rapid development of the technology of microelectronics and MEMS systems during the past 
decades brings the power requirement of wearable and/or wireless electronics, such as smart sensors, 
to dozens of micro watts [1]. Meanwhile, the desire for free mobility and for the release from the 
constraint of wires is growing rapidly [2]. Wireless technologies are facing the best opportunities ever 
under the drive of the technologies and the demand, especially for the WSNs (Wireless Sensor 
Networks). Compared with the wired solutions, a WSN allows portability and reduces installation 
costs. Significant benefits are exhibited for WSNs in many applications, such as structure health 
monitoring [3], food and agriculture industry [4], environment monitoring [5], human health care [6], 
and so on. Though, up to date, most WSNs still use batteries as the power sources, leading to a 
relatively short life span and high cost of maintenance.  

 As an emerging technology, energy harvesting has received great concern in the past years 
because of its prospective applications in the power supply of autonomous sensor networks. Among 
the different potential energy sources from environment and human activities to be captured for WSNs, 
such as light [7], heat [8], vibration [9], vibration energy harvesting is one of the most promising 
solutions because of its considerable power density and wide application possibilities [10， 11]. 

 In general, a VEH (Vibration Energy Harvester) is composed of three parts: a mechanical 
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oscillator, a transduction element and an interface circuit [12]. For the conventional VEHs, which 
utilize linear resonant structures [13-15], usually called as linear VEHs, the performance 
improvements follow two steps: first, increase the maximal available energy; second, enhance the ratio 
of the usable power output to the maximal available energy. The realization of a high quality factor 
structure is the only feasible way for the optimization in the first step when the excitation and the 
inertial mass are fixed [16]. As for the second step, common solutions are to increase the 
electromechanical coupling level or to develop high performance circuits. One can list SSHI  
(Synchronized Switching Harvesting on an Inductor) [17-19], SECE (Synchronous Electric Charge 
Extraction) [20], DSSH (Double Synchronized Switch Harvesting) [21], OSECE (Optimized 
Synchronous Electric Charge Extraction) [22, 23] for the piezoelectric VEH, SMFE (Synchronous 
Magnetic Flux Extraction) [24], a forward-feedthrough and feedback DC-DC PWM boost converter 
[25] for the electromagnetic VEH etc. 

Another very important parameter of the VEHs is their volume, which relies on the optimization 
of the mechanical structures. Dividing the power by the volume, the power density, a significant 
evaluation factor of the VEH’s performance, can be obtained.  

 A large number of linear VEHs showing great efforts in the optimization about these concerned 
issues have been proposed. However, it is difficult to directly compare those VEHs because of the 
different excitations, structures (inertial mass, volume and transduction element) and circuits. 
Therefore, a unified evaluation method has to be promoted to make fair comparisons between VEHs. 
A simple way is to compare the harvested power normalized by the mass and the acceleration 
according to the power of linear VEHs [16]. Roundy et al. suggested a figure of merit named 
effectiveness, which contains the information about the coupling level, the mechanical quality factor, 
the density ratio for a baseline material and the circuit efficiency [26]. It is relatively complex and is 
not straightforward to reflect the VEH’s performance. 

In order to provide the information about how close the VEH is to its maximal performance, 
Mitcheson et al. proposed an alternative FoM (Figure of Merit) which defines the energy harvester 
effectiveness as the usable power divided by the maximal available power [27]. As a further step, 
Mitcheson et al. [28] developed the FoMv (volume Figure of Merit) to reflect the VEH’s nearness to 
the performance limitation with respect to the same volume and excitation. Beeby et al. put forward 
the NPD (Normalized Power density) [29] as an evaluation tool with wide acceptance because of its 
simplicity and intuition. These FoMs make it possible to compare different VEHs according to a 
selected common criterion. Moreover, the information about how to improve the VEHs’ performance 
is also presented to some extent when evaluating the VEHs with the FoMs. 

 Since the majority of the realistic excitations are variable and broadband, great challenges are 
raised for conventional linear VEHs, which exhibit a narrow operation band around their resonant 
frequency. Consequently, it is critical to have a wideband VEH usable for complex application 
environments. Great achievements have been obtained in recent years [30-33] with multiple solutions, 
such as resonance tuning VEHs [34, 35], frequency up-conversion VEHs [36, 37], multimodal VEHs 
[38, 39], nonlinear VEHs [40-45] etc. The investigations show that the operation band of these 
wideband VEHs is significantly enlarged in contrast to the corresponding linear VEHs. However, the 
bandwidth improvement effects of various wideband VEHs are different and dependent on the used 
mechanisms and parameters. Thus, the same question exists for the wideband as the linear VEHs that 
an evaluation criterion is expected.  
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 A preliminary way is to exploit the same figures of the linear VEHs such as NPD and FoMv for 
wideband VEHs as in [46, 47]. Nevertheless, these figures are dedicated to linear VEHs with 
appraisement only accounted for the maximum power output case at the resonant frequency. The 
bandwidth information is not included. Moreover, the average power over the operation band is more 
suitable to be considered as the performance evaluation factor instead of the maximum power out. 
Indeed the target of wideband VEHs is to provide stable power supply for varied excitation cases. 
Apart from the linear VEH figures, some simple evaluation methods are also proposed in the 
literatures, for instance, the product of the normalized bandwidth and the power normalized by the 
excitation [48]. However, in these cases, the appraisement is incomplete. An all-round figure of merit 
for wideband VEHs is required to take all the critical characteristics into consideration, including the 
bandwidth, the average power, the volume, the mechanical quality factor of the structure. By doing 
this, comparisons between different wideband VEHs can be made while indications for the further 
improvement of the considered VEH are obtained as well. Indeed, it makes sense to develop a 
universal and comprehensive FoM of the wideband VEHs, which can be used as a performance 
evaluation and design directive tool. Although a real design optimization is usually constrained by the 
actual application, the FoM is capable of providing the information about which solution is more 
appropriate and how to improve the VEH’s performance. Moreover, a custom FoM can be built from 
the universal FoM and according to a specific application. 

 In this article, a generic model is proposed first as the discussion basis. Then some classic figures 
for linear VEHs are investigated in detail to collect the essential information to obtain a most relevant 
FoM. With the knowledge of the linear VEH figures, a new figure is developed with special attention 
focused on the average power and the bandwidth considered as the essential features of the wideband 
VEHs. The common issues for linear VEHs, such as the volume, the mechanical quality factor and the 
energy harvester effectiveness, are integrated as well. Detailed discussion, which covers the different 
angles of this new figure, is presented. Finally, the proposed FoM is applied for some wideband VEHs 
for demonstration. 

2. Analysis and discussion 

2.1 Generic model 
In order to facilitate the next-step discussions about the figures of merit for VEHs, a generic model 
shown in figure 1 is proposed for VEHs. As has been suggested in previous studies [49, 45], the 
energy extracted from the generator can be viewed as an additional damping (denoted µe) in the 
dynamic model. The assumption of modeling the transducer by a simple damper is valid in the case of 
sinusoidal ambient acceleration, choosing the value of µe such as the energy dissipated into the damper 
during one mechanical period corresponds to the harvested energy. To be distinguished from the 
mechanical damper µm, µe is named as the electronic damping hereafter. The mechanical damper µm in 
figure 1 is a damper that embodies mechanical and electrical losses (if any). Finally, the electronic part of 
the harvester can be included in the dynamic model and a single governing equation for the VEH is 
expressed as: 

   M!!x + Kl x + (µm + µe ) !x + Fn(x) = Mγ (t)                                              (1) 

where M is the inertial mass; γ(t) is the ambient acceleration; Kl is the linear stiffness; µm is the 
mechanical damping coefficient; µe is the electronic damping coefficient; Fn(x) is the nonlinear 
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restoring force (if any). 

 Assuming that all the energy dissipated by the electronic damping (extracted by the interface 
circuit) is transferred to the load, the transient power scavenged by the harvester is written as: 

   P = µe !x
2                                                                        (2) 

Since the harvested power is related to the interface circuit, the load situation, the excitation level and 
other factors, the electronic damping coefficient may vary during operation. However, with the load 
value fixed and the influence of the excitation level negligible, µe is assumed to be constant for 
simplifications in this article. 

 

Figure 1. Generic model for VEHs. 

 For the purpose of obtaining the critical issues about the development of a relevant figure of merit, 
investigations are firstly devoted to some well-known figures such as PNMA (Power Normalized by 
the Mass and the Acceleration), NPD (Normalized Power Density) and FoMv (volume Figure of Merit) 
etc.  

2.2 Classic figures of merit for VEHs 
Since the classic figures (PNMA, NPD and FoMv) are first mainly intended for linear harvesters, the 
assumption of linear case is also applied for the following discussion of these figures. With the 
nonlinear force Fn(x) set to be zero in equation (1), we have the usual linear form: 

   M!!x + Kl x + (µm + µe ) !x = Mγ (t)                                                    (3) 

 When a harmonic excitation γ(t)= γ0  cosωt is applied, the corresponding velocity solution is also 
harmonic for a linear harvester. It can be expressed as 𝑥=v0 cos(ωt+θ) in which θ is the phase 
difference between the excitation and the velocity. Substituting γ(t) and 𝑥 into equation (3), we have: 

2
0 0 0( ) sin( ) ( ) cos( ) cosl m eM K v t v t M tω ω ω θ µ µ ω θ γ ω− + + + + + =                     (4) 

The harvester obtains the maximum power around the resonant frequency ω=ω0=(M/Kl)1/2. Then the 
first term in equation (4) is zero and we can get θ=0, which means that the total damping force	and the 
excitation force are equals and in phase: 

   (µm + µe ) !x = (µm + µe )v0 cosω0t = Mγ 0 cosω0t                                       (5) 

 Using equations (2) and (5), the average power over a period under the resonant condition is 
expressed as: 

Inertial mass M 

x

  
K l

µm µe

Acceleration
γ F n(x)

Mechanical damping Electronic damping
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which represents the peak average output power of the harvester. This value is used in all the classic 
figures of merit for evaluating the best performance of the concerned linear harvesters. For a VEH 
with a determined inertial mass and a fixed µm, Pres reaches the maximum value: 

2 2
0

max
1
8 m

MP γ
µ

=                                                                   (7) 

by letting µe=µm which means that the electronic damping should exactly match the mechanical 
damping. 

2.2.1 PNMA. 

The PNMA figure has not been proposed specifically in the literature yet, but has been often used 
when appraising a harvester, especially for a linear one. The basic idea is to make relatively fair 
comparisons between different harvesters with the same inertial mass and acceleration. The definition 
of PNMA is given by equation (8) which is based on the linear harvester’s property that the power is 
proportional to the product of both the mass and the second power of the ambient acceleration. 

2
0

PPNMA
Mγ

=                                                                   (8) 

However, it is worth mentioning that although the PNMA figure is based on the linear harvester 
assumption, it is still applicable for other kinds of harvesters. Substituting equation (6) into equation 
(8), we have the PNMA value at the resonant frequency: 

2

1
2 ( )

e

m e

MPNMA µ
µ µ

=
+

                                                            (9) 

 The maximal value is found when the harvested energy equals the energy dissipated by the 
mechanical damping (µe=µm and Pres is maximal). Therefore, to achieve the optimal PNMA value, a 
proper configuration of the interface circuit, the load and the electromechanical coupling coefficient is 
required. As explicated by Lefeuvre et al. [50], when the standard circuit (simple full bridge rectifier) 
is used as the interface circuit, this equilibrium is only obtained for coupling coefficients higher than a 
specific value and for an optimal load. If the high coupling requirement is not satisfied, nonlinear 
synchronous switching techniques (SSHI, SECE, OSECE etc [17-23]) are required to increase the 
electronic damping. Once this equilibrium µe=µm is reached, equation (9) can be simplified to: 

0

1
8 16m m

MPNMA
µ ξ ω

= =                                                          (10) 

where ξm=M/(2µmω0) is the mechanical damping ratio which is usually constant for a determined 
structure. From equation (10), it is seen that better appraisement of the harvester using the PNMA 
figure is obtained with a higher mechanical quality factor Qm≈1/(2ξm) and a lower resonant frequency 
ω0. 

 From the analysis above, it can be found that the PNMA figure has a two-fold meaning: first, for 
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the electronic part, the interface circuit should be capable of making the harvested electric energy 
match with the mechanical dissipation as close as possible; second, for the structural part, high quality 
factor and low resonant frequency are preferred (for a constant acceleration level). However, the 
preference to low-frequency structures makes the fairness of the PNMA figure doubted. Usually, a 
good evaluation tool should have low dependence on the resonant frequency, which is often 
determined by the application environment.  

 As seen in the definition, PNMA uses the mass rather than the volume as the normalization 
parameter. As a result, it lacks the ability of reflecting the compactness of the structure, which is an 
especially important criterion for the VEHs. An undesirable case is that the inertial mass M might only 
occupy a small ratio of the total volume of a bulk harvester with a high PNMA value. Especially for 
the harvesters with a low resonant frequency favored by the PNMA figure, the requirement of large 
stroke will drastically increase the total occupied volume. Therefore, PNMA is effective for the 
evaluations of the mechanical quality factor and the matching degree of the interface circuit for linear 
harvesters with similar structural architecture, yet a more reasonable figure is required to take the 
volume into account in order to make comparisons between harvesters exhibiting different types of 
structure. Moreover, the fact that only the power output at a single frequency is considered in the 
figure makes it not suitable for the evaluations of wideband VEHs.  

2.2.2 NPD. 
As a most widely used figure of merit for VEHs, NPD is firstly proposed by Beeby et al. [29]. It is 
defined as: 

2
0

PNPD
Vγ

=                                                                    (11) 

which implies the available power for the unit volume and the base value of the second power of the 
acceleration. 
 Compared with the PNMA figure, NPD uses the volume instead of the mass for the calculation. 
To clarify the relation between the two figures, NPD can be rewritten as: 

2
0

eff
P MNPD PNMA

M V
ρ

γ
= × = ×                                                  (12) 

It is seen that NPD can be actually expressed by PNMA multiplied by the effective mass density ρeff. 
Taking the volume utilization efficiency reflected by ρeff into consideration makes NPD provide a 
more comprehensive evaluation of the VEHs. It is easy to understand that there are two ways to 
increase ρeff. One is to use high-density materials for the inertial mass. The other is to improve the 
occupation ratio of the inertial mass in the total volume, which forwards the challenge related to the 
structural optimizations.  
 When trying to achieve a high NPD, it is interesting to note that high quality factor and low 
resonant frequency will increase the PNMA value, but decrease the effective mass density in the 
meantime because of the enlarged motion space of the inertial mass. The competition of these two 
parameters implies the existence of a possible optimal configuration for ξm and ω0 to obtain a 
maximum value of NPD. 
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Figure 2. An ideal VEH with the volume only composed of the inertial mass and the motion space. 

Case I: The inertial mass is fixed while the volume is variable 
 Considering the harvester shown in figure 2, the inertial mass is assumed to be cubic (am

3) while 
the volumes of other structural parts like springs, transduction elements etc. are negligible for the ideal 
optimization case. Then the VEH’s total volume is approximated by the inertial mass volume Vmass 
plus the motion space Vmotion.  
 Using equation (5) and the assumption of the maximum power with µe=µm at the resonant 
frequency, we have the displacement amplitude: 

0 0
0 2

0 02 4m m

Mu γ γ
µ ω ξ ω

= =                                                            (13) 

Then the total volume is: 
3 2

02tot mass motion m mV V V a u a= + = +                                                   (14) 

Substituting equations (10), (13) and (14) into equation (12): 

3 20 0 00
0 02

0 0 0

1 1
8 816 16 16

2

mass

m mass
m m m m

m m m

M MNPD
Va a

a a

ρ
γ γ γξ ω ξ ω ξ ω
ξ ω ω ω

= = =
+ + +

              (15) 

where ρmass is the density of the inertial mass. Obviously in this case, low ξm is still preferred to obtain 
high NPD harvesters as PNMA. Meanwhile, there is an optimal ω0 for a determined ξm.  

Case II: The volume is fixed while the inertial mass is variable 

 Considering the harvester in figure 2 as before, the variable inertial mass indicates that am is to be 
determined. Then using equations (13) and (14), we can express ξm with am as follows: 

2
0

2 3
02 ( )

m
m

tot m

a
V a
γξ

ω
=

−
                                                            (16) 

Then equation (15) can be rewritten as: 

0
2

0
3

1
1 8

( )

mass

m

tot m m

NPD
a

V a a

ω ρ
γ

==
+

−

                                                 (17) 

The maximum value of NPD is obtained for am
3=Vtot/2. It can be inferred that there is an optimal 
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configuration of the inertial mass volume and the mechanical damping ratio for the volume preset case. 
It is similar to the results for FoMv that is presented in the next section. It is interesting to see that the 
NPD value linearly increases with ω0. The reason is that the work done in each cycle is constant in this 
case while high ω0 means more cycles during the same time period. 

 By including the volume into the evaluation, the NPD figure presents two important 
improvements. First, the structural optimization to promote the compactness of the harvester is 
advanced. Second, in the mass preset case, the preference to low resonant frequencies is somehow 
fixed, yet it still shows dependence on ω0 as shown in equation (15); in the volume preset case, an 
optimal compromise of the mass occupied volume and the mechanical damping is found to achieve the 
best NPD. However, in case II, NPD shows a proportional relationship to ω0. In general, NPD 
provides a more reasonable and overall evaluation of the harvesters than PNMA does. However, it is 
still not suitable for the evaluations of wideband energy harvesters since no bandwidth information is 
embodied in the definition. 

2.2.3 FoMv. In order to get rid of the influence of ω0 and provide a more honest evaluation of the 
VEHs, a feasible way is to compare the concerned VEH’s performance with its maximum possible 
power output: 

  

EH = Useful Power Output
Maximum Possible Power

=

1
2

µe M 2γ 0
2

(µe + µm )2

M 2γ 0
2

8µm

=
4µeµm

(µe + µm )2                         (18) 

which is labeled as energy harvester effectiveness by Mitcheson et al [27]. It reflects whether the 
harvester’s extracted energy is at the optimal value and approaches the ideal performance. Once the 
matching condition µe=µm is satisfied, EH obtains the limitation value of 100%. However, the energy 
harvester effectiveness is short of distinguishing VEHs with different structural parameters and 
geometries.  

 

Figure 3. The reference VEH with a cubic volume and an inertial mass of gold (Au). The maximum 
power is obtained when the mass occupies half of the total volume (b=a/2). 

By further developing this idea, Mitcheson et al. [28] suggested an alternative solution of comparing 
the considered VEH with a reference harvester. This reference VEH is assumed to have the same 
volume as the considered VEH with a cubic shape shown in figure 3. The ideal case is still assumed 
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that all other parts except the inertial mass retain a negligible ratio of the total volume. To provide a 
high-level benchmark, the reference device has an inertial mass of gold, which is among the materials 
of the highest density ρau. As the performance of the reference generator changes with the ratio 
variations of the mass’s volume to the motion space in the given volume, the best performance of the 
reference harvester with the optimal volume configuration is to be determined. As shown in figure 3, 
the given total volume is Vtot=a3 (the same as the considered VEH) while the mass volume is Vmass=a2b. 
From the remaining motion space, the displacement amplitude at the resonant frequency is determined 
as u0=(a-b)/2. Using equation (13), we can find out the corresponding mechanical damping coefficient: 

0

0 02m
M
u
γµ
ω

=                                                                     (19) 

It means that for a given volume, there exists an optimal damping coefficient to maximize the power 
density of the linear VEH subjected to harmonic ambient acceleration. It is worth mentioning that for 
NPD, this deduction is also applicable if the volume requirement is predetermined while the inertial 
mass is variable. 

 Then the peak power output of the reference harvester at the resonant frequency with µe=µm is 
calculated: 

2 2 2
0 0 0 0 0 0 ( )

8 4 4
au

res ref
m

M M u a b a bP γ γ ω ω γ ρ
µ−

−= = =                                     (20) 

Obviously, the power apex is found for b=a/2. It means that the optimal performance is obtained with 
half the total volume occupied by the mass. Then we have the optimal power of the reference 
generator: 

4
4 3

0 0 0 0

16 16
au au tot

ref
a VP ω γ ρ ω γ ρ= =                                                    (21) 

 
Replacing the maximum possible power in equation (18) with Pref, we have the FoMv as promoted by 
Mitcheson [28]: 

  
FoMv =

Useful Power Output
Pref

                                                   (22) 

 FoMv is a systematic figure, which has been widely used [37, 46]. It is meant to estimate how 
close the performance of the VEH under evaluation is to the benchmark, which is obtained from the 
performance limitation of the reference cubic harvester with an identical volume. As the VEH’s 
performance is related to many factors, including the structural architecture, the electromechanical 
coupling coefficient, the interface circuit, the load and so on, overall considerations have to be taken 
into account to achieve a high FoMv. Great efforts are required on structural optimizations about the 
compactness and the coupling coefficient as well as the realization of the matching condition between 
the electronic and mechanical damping.  

 Since all the requirements are integrated as a whole unit in the FoMv, the VEH’s evaluation 
information is not well decoupled. Consequently, it is difficult to know which part of the design 
imposes the largest influence on the final performance evaluation when calculating the FoMv. The 
guiding on the improvement of the design is missed to some extent. Meanwhile, the reference 
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generator uses gold as the mass material to give a high-level benchmark, it is however not so realistic 
because of the issues of cost or fabrication or others. It leads to the unfair fact that a VEH with a very 
good design but normal materials will probably have a lower FoMv value than a VEH with a bad 
design but with materials of high density.  

 In order to capture further the operation bandwidth information, a derivative figure was also 
proposed by Mitcheson et al. [28]: 

1dB
BW vFoM FoM δω

ω
= ×                                                          (23) 

which was named as the bandwidth FoM. The bandwidth is chosen to be the frequency range within 
which the power is more than the maximum power value minus 1dB. Nevertheless, FoMBW is still 
focused on the maximum power performance of the VEH and mainly oriented for linear VEHs. 
 

2.3 remarks 
From the above analyses about the classic figures based on linear VEHs, some critical indications to 
develop an effective FoM can be concluded. In general, a good figure is supposed to provide the 
following evaluations of the concerned VEH: 

• Energy harvester effectiveness EH. 
EH represents the VEH’s ability to reach the maximum available power. As seen in equations (7), 

(10) and (16), the optimal peak power at the resonant frequency is obtained for the matching condition 
µe=µm, corresponding to a value of 100% for the energy harvester effectiveness. To achieve this 
optimal equilibrium, a proper configuration of the interface circuit, the electrical load and appropriate 
electromechanical coupling coefficient are required. 

• Volume Vtot. 
As mentioned in the former discussions, the volume is a very important criterion to evaluate a 

VEH. Generally, the VEH design is required to be as compact as possible with the power performance 
satisfied. The minimized volume not only makes the VEH adapt to the applications with space 
restrictions but also increases the power density of the device. 

• Mechanical quality factor Qm. 
For a normal linear VEH, the maximum available power is inversely proportional to the 

mechanical damping coefficient µm. Therefore, a structure with a high Qm is inclined to have a better 
power limitation, which can significantly improve the rating of the VEH as indicated in the 
discussions about PNMA. However, higher Qm will increase the motion space and decrease the 
available power density. Therefore, a compromise between Qm and Vtot is to be found. 

These three aspects reflect the most important properties of a linear VEH. Besides, the bandwidth 
information is an important complementary aspect. Moreover, it is related to Qm for a linear VEH for 
which the requirement of large bandwidth is usually in conflict with the demand for maximum power. 

3. A new figure of merit for wideband VEHs 
In practice, the realistic vibration frequency spectrums are broadband and varying from time to time. A 
lot of examples exhibit frequent variations of the environment vibrations, which bring great challenges 
to the VEHs. An obvious example is that the acceleration signal acquired at a car wheel is varying 
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when driven under different road conditions, urban or rustic [51]. When the natural frequency of the 
linear oscillator is not inside the favorable range of the excitation, as shown in figure 4 (at time 2), the 
harvested power is very small. It means that the power of the linear VEHs with a single optimal 
frequency would fluctuate drastically and affect the normal working of the circuit to be supplied. To 
have stable and sustainable power output, a generator with wideband response is desired. In contrast to 
the linear VEH, the wideband VEHs show much stronger adaptabilities with relatively steady 
harvested power as indicated in figure 4 for both excitation cases at time 1 and time 2. The foreseeable 
or stable performance in complex application environments with fluctuating excitations is a critical 
characteristic, which makes the wideband VEHs more trustable. 

 In general, the rating of the linear VEHs mainly relies on the maximum usable power at the 
resonant frequency as seen in the analyses of the figures (PNMA, NPD and FoMv). As a consequence, 
the attention is focused on the single resonant frequency where the peak power is obtained for linear 
VEHs. In addition, a compact design is a complementary key issue to get as high power density as 
possible. The analyses and discussions about some classic figures underline three critical issues for 
evaluating linear VEHs: EH, Qm and Vtot. It provides important information for reference when 
assessing wideband VEHs. However, more factors are to be accounted for wideband VEHs than for 
linear ones. 

 For wideband VEHs, instead of the single optimal working frequency of the linear VEHs, the 
concern is turned to the performance robustness and stability. In other words, the wideband VEHs’ 
capability of maintaining stable and reliable power output over a variety of working conditions is 
expected. We focus here on the variations of the operation frequencies over a wide range. Hence, it is 
more reasonable to evaluate the wideband VEHs by taking the operation bandwidth and the average 
power in this range as key criteria instead of the maximum power point. 

 

	
Figure 4. Schematic figure: benefits of wideband generators. 

3.1 New FoM definition 
After overall considerations, a new SFoMBW （ Systematic Figure of Merit with Bandwidth 
information） for evaluating wideband VEHs is proposed based on the critical issues explored for 
linear VEHs with some necessary revisions and special concern on the bandwidth. It is defined as: 
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BW HW m eff
c

fSFoM E Q
f

ρΔ= × × ×                                                    (24) 

Here, EHW is the redefined energy harvester effectiveness for wideband VEHs, Δf/fc is the bandwidth 
normalized by the center frequency fc (for the bandwidth definition, fc=(fL+fH)/2, Δf=fH-fL. fH and fL 
represent the high end frequency and the low end frequency of the operation band respectively), Qm is 
the mechanical quality factor and ρeff=M/Vtot is the effective mass density accounted for the volume 
compactness requirement. As mentioned before, Vtot should comprise the motion space and the 
occupied volume of all the functional parts. To consider the actual volume after installation, it is 
sometimes more proper to use the minimum block or cylinder volume that can cover the required 
volume. 

 EHW derives from the original definition of the energy harvester effectiveness given in equation 
(18) for linear VEHs. It is presented as follows: 

0
2 2 2 2
0 0lim 0

0

8

8 16

av av av av
HW

m

m m

P P P PE
M MP M Q

ω
γ γ γ
µ ξ ω

= = = =                                          (25) 

A slight adjustment is performed for better appraising of the wideband VEH’s performance stability, 
replacing the usable power output with the average power Pav over the operation band. For the 
denominator, the maximum available power Plim of the corresponding linear VEH with the resonant 
frequency equal to the center frequency ω0=1/(2πfc) is still used as the reference with the same 
excitation γ0,   mechanical quality factor Qm=1/(2ξm) and mass M. Although a new definition of the 
energy harvester effectiveness is developed for wideband VEHs, EHW is considered as the key criterion 
for evaluating the performance of the wideband VEH’s electronic part as before, since better Pav is still 
obtained for the proper configuration of the electromechanical coupling coefficient, the interface 
circuit and the load to keep the electronic damping at a relatively optimal level.  

 

Figure 5. Influence of Qm on a hardening Duffing harvester 𝑥+ω0
2x+2(ω0/Qm)𝑥+knx3=γ(t) and an 

equivalent linear VEH 𝑥+ω0
2x+2(ω0/Qm)𝑥=γ(t) with the electronic damping equal to the mechanical 

damping. 
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 Δf/fc represents the operation bandwidth, which is one of the key parameters of a wideband VEH. 
It indicates the important information about the bandwidth widening of the wideband VEHs compared 
with the linear ones. Various solutions to increase the VEH’s bandwidth have been proposed, such as 
the nonlinear generators, the multimodal generators, the resonance tuning method, the frequency 
up-conversion method and so on. However, the bandwidth improvement effect is varied with the 
solutions, the architectures, or the structure parameters etc. Then Δf/fc could be used as a good index 
for the appraisement of the bandwidth widening effect. 

 It is also worthy of note that high Qm may have a positive influence on the bandwidth for the 
wideband VEHs. This is different from the linear VEH case in which high Qm favors for the maximum 
power but hinders the bandwidth. The conflicting effect is clearly demonstrated by the examples in 
figure 5. The dynamic power responses of several monostable hardening Duffing harvesters with 
different Qm are presented in comparison with the results of the corresponding linear equivalent 
harvesters for the same forward sweep excitation. It is shown that higher Qm leads to consistent 
improvements of the bandwidth and the responses for the Duffing harvesters, but conflicted effects of 
narrowed bandwidth and increased response for the linear VEHs.  

 SFoMBW provides a systematic evaluation on wideband VEHs as FoMv does for linear VEHs. 
Furthermore, this evaluation is well decoupled into four aspects: EHW, Qm, Δf/fc and ρeff. The specific 
contribution ratio of each part on the final value of SFoMBW is clearly exhibited, displaying the 
important information on what kinds of improvement are required. In general, the definition of 
SFoMBW implies that a good wideband VEH should possess high harvested power over a wide 
operation band with a high-quality and compact structure. 

 Substituting equation (25) into equation (24), SFoMBW can be simplified as: 

0
2 2
0 0

8 16av av
BW m

m c tot tot

P P ff MSFoM Q
M Q f V V

ω π
γ γ

ΔΔ= × × × =                                     (26) 

which is similar to the expression of NPD. To some extent, SFoMBW reflects the wideband VEH’s 
energy density which is the product of the average power density and the bandwidth. 

3.2 Evaluations of SFoMBW for some wideband VEHs 
Since the nonlinear generators have distinct responses for different excitations, the determination of 
the bandwidth and the average power is different from the linear generators. It exhibits strong 
complexities and lacks a common criterion. Different views might exist, depending on the developer’s 
specific choice. However, a general strategy is suggested when using the SFoMBW to evaluate the 
performance of wideband VEHs here. In this section, the idea and the procedure for determining the 
bandwidth are presented for nonlinear harvester (hardening, softening or bistable). However, they are 
applicable to other kinds of wideband VEHs as well. Since the responses are related to the applied 
excitations, the proposed strategy is discussed separately for chirp (sweep), single-frequency and noise 
excitations.  

 When subjected to chirp excitations, due to the special hysteresis feature of the nonlinear 
harvester, the bandwidth needs to be analyzed for the forward and reverse sweep respectively as 
shown by the power responses of a bistable wideband harvester in figure 6. The two vertical arrows 
represent the jump direction for the forward sweep and the reverse sweep respectively. For the forward 
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sweep, the harvested power peak (PkF, fkF) can be found from the power responses. Next, two half 
peak-power points {(PkF/2, fLF) and (PkF/2, fHF), fLF<fkF<=fHF} are determined. For the reverse sweep, 
three corresponding parameters {(PkR, fkR) ,(PkR/2, fLR) and (PkR/2, fHR), fLR<fkR<=fHR} can be found as 
well. Then the total bandwidth of the wideband VEH is defined as Δf=fHF-fLR with the center frequency 
fc=(fHF+fLR)/2. This definition is to cover the favorable range for both forward and backward sweep 
responses. It escapes from the embarrassing situation that the range is not superposed if using the 
usual 3dB method to determine the bandwidth for forward and reverse sweep excitations 
independently. Although the presented example is for a bistable generator, it is also applicable for the 
monostable hardening or softening generators. With the bandwidth determined, the average power 
over the range can be calculated as: 

1 2
1 ( ) ( ) ( ) ( )HF

LR

f

av R Ff
P P f p f P f p f df

f
= +
Δ ∫                                          (27) 

in which PR(f) and PF(f) are the reverse and forward power response respectively. It is worth 
mentioning that if the way to calculate Δf shown in figure 6 tends to increase or overestimate the 
bandwidth, it is compensated by the fact that it also decreases the average power. Considering that the 
forward and reverse responses represent two possible stable motion solutions of the harvester, the final 
status is determined by the initial condition. Then the probability for each response can be determined 
from the basin of attraction at the specific frequency with the excitation fixed and the probability 
distribution of the initial conditions. In equation (27), p1(f) denotes the probability to obtain a reverse 
sweep response and p2(f) is the probability for a forward sweep response.  

 

Figure 6. Bandwidth definition and average power approximation for a bistable generator. 

 For simplifications, it is assumed that p1(f)=p2(f)=1/2 here. As a further step, the power curve is 
approximated with some linear segments (purple dashed lines) as shown in figure 6. If the power is 
less than min(PkF, PkR)/2, it is considered as zero with the approximation of horizontal lines. Then the 
average power is estimated as: 
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1 3 1 1 3( ( ) ( )( ) ( ))
2 2 2 2 4av kR HR LR kF kR LF KR kF HF LFP P f f P P f f P f f
f

= − + + − + −
Δ

             (28) 

for hardening and bistable generators or 

1 3 1 1 3( ( ) ( )( ) ( ))
2 2 2 2 4av kF HF LF kR kF LF HR kR HR LRP P f f P P f f P f f
f

= − + + − + −
Δ

             (29) 

for softening generators. 

However, it is worthy of note that this approximation is only effective when the error induced by the 
linear approximation can be neglected. When the power curve is not suitable for the linear 
approximation, other approximation method needs to be used.  

 If the power response is obtained with the single-frequency harmonic excitation whose frequency 
is changed step by step with the harvester starting from the zero initial condition, the bandwidth is 
proposed to be defined by the points {(Pk, fk) ,(Pk/2, fL) and (Pk/2, fH), fL<fk<=fH} with Pk representing 
the peak power and fL, fk, fH representing the corresponding frequency positions. Then the average 
power is calculated as: 

1 ( )H

L

f

av f
P P f df

f
=
Δ ∫                                                             (30) 

A similar strategy can also be used for bandlimited noise excitations.  

 Table 1 lists some literature generators with the calculated SFoMBW figure. Some parameters of 
the generators in the literature are estimated from the provided response curves so that inaccuracies 
may exist. It however confirms that the proposed figure of merit offers a tool for the evaluation of the 
performance of nonlinear generators. Moreover, PNMA, NPD and FoMv are also calculated for 
comparison. It is interesting to find that NPD and FoMv present relatively similar results if sorting the 
VEHs by the corresponding values. It is because the two figures contain all the essential elements for 
linear VEHs. PNMA excludes the volume information thus deviates from the trends indicated by NPD 
or FoMv for some VEHs. However, the lack of information on the bandwidth and on the average 
power hinders the evaluation for wideband VEHs when using PNMA, NPD and FoMv. The 
appraisement results of SFoMBW are different from the linear VEH figures and believed to be more 
rational. 
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4. Conclusion 
In this article, a new systematic figure of merit named SFoMBW oriented towards wideband VEHs is 
developed from the detailed study of the classic figures for linear VEHs. This study demonstrates that 
a good evaluation figure is required to appraise three aspects (EH, Qm,Vtot) in a proper way.  

 Generally, good assessments with classic figures such as PNMA, NPD and FoMv are in favor of 
linear VEHs exhibiting optimal energy extraction ability (EH=1), optimal configuration of the 
mechanical damping, and optimal use of the device volume. However, the evaluation of linear figures 
focuses on the peak performance at a single frequency, usually the resonant frequency. It discords with 
the performance target of wideband VEHs, which is to increase the operation band and the average 
power in this range. Special consideration has to be given to these two aspects. 

 Devoted to the feature and the performance target of wideband VEHs, SFoMBW integrates the 
essential factors for evaluation including the amended energy harvester effectiveness EHW, the 
normalized bandwidth Δf/fc, the mechanical quality factor Qm and the effective density ρeff. The 
influence of each aspect is analyzed and discussed. The utilization is then explicated and demonstrated 
for some examples and compared with some former figures for some wideband VEHs from the 
literature. It shows that SFoMBW provides different evaluation results from those figures with more 
overall consideration for wideband VEHs. Unfortunately, a lot of wideband VEHs published results 
didn’t provide enough information to calculate the SFoMBW value, especially for the power response 
curve and the volume. Detailed and completed information about the essential factors to evaluate the 
wideband VEHs should be provided when performing the investigations. Moreover, it is worth 
mentioning that the performance of the wideband VEHs, including the average power and the 
bandwidth, will vary with the excitation amplitude. Thus, the SFoMBW value only accounts for a 
selected excitation pattern. If the values are obtained for different excitations, a better understanding of 
the wideband VEHs could be found. However, it requires painstaking work and it can be unachievable. 
Though, it is still meaningful that SFoMBW provides a good evaluation tool for the wideband VEHs 
and points out the direction of the improvement about the concerned wideband VEHs. 
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